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Abstract. Recently, Kajihara gave a Bailey-type transformation relating basic hypergeomctric 
series on the root system A n , with different dimensions n. We give, with a new, elementary, proof, 
an elliptic analogue of this transformation. We also obtain further Bailey-type transformations 
as consequences of our result, some of which are new also in the case of basic and classical 
hypergeometric series. 
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1. Introduction 

Elliptic hypergeometric series form an extension of classical and basic (or q-) hyper- 
geometric series, which was introduced by Frenkel and Turaev in 1997 |FTj . It was 
found that Jackson's %Wi summation and Bailey's wWg transformation admit one- 
. parameter extensions, roughly speaking obtained by replacing "1 — x" by the theta 

function fljlo^ — P* x )(l — p* +1 /x)- For elliptic hypergeometric series, the so called 
balanced and well-poised conditions on the series appearing in these identities reflect 
invariance properties under the modular group |FT| ISlj. 

In the last few years, multivariable elliptic hypergeometric series, in particular 
series associated to classical root systems, has received much attention \DS1\ IDS2| 
ED El E3 |Wj. In the present paper we build upon the work in |R4j to 

obtain some new transformation formulas for elliptic hypergeometric series on the 
root system A n . 

In Theorem 13.11 we give an elliptic analogue of a multivariable Bailey transforma- 
tion recently discovered by Kajihara |K2j . In contrast to most known transforma- 
tions, Kajihara's identity relates sums of different dimension; see |GK| IKr| IR21 IR3j 
for further results with this property. (We mention that, in view of the analogy 
between hypergeometric series and hypergeometric integrals, there may exist related 
transformations between integrals of different dimension. The only such result we 
are aware of is in the recent paper |TVj : this seems not directly related to series of 
the type studied here, but rather to discrete Selberg integrals 

In Section 4 we obtain further Bailey-type transformations, between series of the 
same dimension, by iterating Theorem 13.11 Most of these are new also in the case of 
basic and classical hypergeometric series. 
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2. Notation 

Elliptic hypergeometric series may be built from the theta function 

oo 

(1) 0{x) = -p j x)(l -p> +1 /x), \p\<l. 

3=0 

We will often use that 9(1/ x) = —9(x)/x. 
We denote elliptic Pochhammer symbols by 

(a) k = 6(a)6(aq)---6(aq k - 1 ). 

The constants p and q are fixed throughout the paper and will be suppressed from 
the notation. The elementary identities 

(a) n+k = (a) n (aq n ) k , 

w.-»=(-i)V:)(,'-W^, 

(a)„ = (-l)"?G) a »( g i-»/ a )„ 

will be used repeatedly and without comment. Occasionally, we use the shorthand 
notation 

(d, ... , a n )k = (fll)fc • • • (On)fc- 

We write 

A(z) = JJ z j e(z k /z j ). 

l<j<k<n 

This may be viewed as an elliptic analogue of the Weyl denominator for the root 
system A n . Elliptic hypergeometric series on A n are characterized by the factor 

A(^) _ 1H e{z k q»>/z j q*) 



n * 



A(z) 11 * OizJzi) ' 

where the z k are free parameters and the y k summation indices. 
Note that when p = 0we have 

(a) k = (1 - a)(l - ag) • • • (1 - a/" 1 ), 

the standard building blocks of basic hypergeometric series. Moreover, in this case, 

&{zq v ) t — r z k q Vk — Zjq Vj 



n 



l<7<fc<n J 

Rescaling and letting g — > 1 one recovers the classical Pochhammer symbols 

a(a + 1) • • • (a + k — 1) 

and double product 



A(s + y) _ -j-r z fc + y fc - Zj - yj 
A(z) J- J- zu — Zj 



characterizing classical hypergeometric series on A n TiBL . 
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For later reference we give some facts about one-variable elliptic hypergeometric 
series. Let E be the function 

E(a; q~ N ,b, c,d } e } f,g) 



6{aq 2k ) (a,q ,6, c, d, e,f, g) k 



q 



, _„ 0(a) {q,aq N+1 ,aq/b,aq/c,aq/d,aq/e,aq/f,aq/g) k 

This is a 10W9 sum when p = 0. Frenkel and Turaev |FTj proved the transformation 
formula 

E(a; q~ N ,b, c,d,e, f,g) 

( 2 ) (aq,aq/ef,Xq/e,Xq/f) N , _ N . , . . 
= 7 — 1 771 — \ — r~FT~ E(X; q ,Xba,Xca,Xda,e,f,g), 

(aq/e,aq/f, Xq,Xq/ef) N 

where bcdefg = a 3 q N+2 and A = qa 2 /bed. When p = 0, this is the famous Bailey 
transformation (HI IGRj . Iterating (J2J) one obtains 

P / —N t 1 f ^ N ( a( ll c 9^(lldg,aq/eg,aql 'fg,aq,b) N 
, oN £( a ;<? ,b,c,d,e,f,g)=g - — , , 

(3) (ag/ c, ag/ d, ag/ e, ag/ f,aq/g,b/g) N 

x E(gq~ N /b] q~ N , gq~ N /a, aq/bc, aq/bd, aq/be, aq/bf, g), 
still assuming bcdefg = a 3 q N+2 . When p — 0, this is |GR| Exercise 2.19]. 

3. An elliptic Kajihara transformation 
The following identity is our main result. 
Theorem 3.1. Assuming 

(4) wi ■ ■ ■ w m = Zi ■ ■ ■ z n a x ■ ■ ■ a m+n , 
the following identity holds: 

Vk 



2-^ A( T \ 11 



J/l+-+l/n=JV 



Af«A 11 



3)Vk 



vu.., ym >o A ^ fe = in;=iK^)y fe nr=i(^Mk' 

yiH — \-ym=N 

The case m = n = 2 is easily seen to be equivalent to @, so Theorem 13.11 is a 
multivariable generalization of this transformation. On the other hand, if m = 1 but 
n is general we have the summation formula 



yi+-+Vn=N 

where w — Z\ • ■ • z n a\ ■ ■ ■ a n+ \. This is |R4t Theorem 5.1], which is an elliptic analogue 
of Milne's A n Jackson summation [M]. See also jS2j . where it was shown that ([S|l 
follows from a certain conjectured multiple integral evaluation. 
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The non-elliptic case, p = 0, of Theorem Kill is equivalent to Proposition 6.2 of 
K2J, where it was derived using Macdonald polynomials. A different proof, based 
on Gustafson's A n 6 ip 6 summation [G , was given in R2J. Neither of these proofs is 
likely to admit a straight-forward elliptic generalization. Here we will use a simple 
inductive argument, which works also in the elliptic case. 



Proof. We prove Theorem 13 . XI by induction on n. As a starting point we need the 
case n — 1, or equivalently m — 1, that is, the identity (jUj). 

Assume that Theorem 13 . 1 1 holds for fixed n but general m, and denote the left-hand 
side of © by S nm (z; w; a). Consider the sum S n +i^ m (z; w; a). We replace the index 
set (yi, . . . , y n +i) by (yi, . . . ,y n ,s) and rewrite part of the summand as 



A(zq^) yt 1 _ 1 A(zqy) yr q^_ 0(z n+l q s I Zj qVi) 

A ( z ) jJl {QZn+i/zj)s (q)s A(z) e{z n+1 /z j )(qz n+1 /z j ) 

(q) a A(z) ^} i (z n+ i/z j ) s e{z j q- s /z n+ i) 
= i A(s g y) -A- (z j q 1 - a /z n+1 ) yj 

{q) a A(z) fj(2n+l/^) a (^g-V«n+l) W ' 



where z — (z\, . . . , z n ). This gives 



q ( . . \ _X~* llj=l \ajZ n +l)s 

dn+l,m\Z, W, CI) — > m n 

W) S n F l(¥»+l) S lIj=l(«n+l/%)* 

Ajzqv) yj (q^Zk/zn+i^YlT^^ia^Vk 
C 2^ 11 



yiH — H 



^ =N ^ S A (^) Sz k/Zn+l)yAQ Z k/Zn+l)y k UT=l( W j Z k)ykU%i((l Z k/ 

We observe that the inner sum is of the form S n)m+ 2(z] w; a), with 
, , w = (w u . . . ,w m ,q/z n+1 ,q~"/z n+1 ), 

( ? ) ~ / is, \ 

a — [ai, . . . , a m+n+ i, q /z n+ i). 



JJVk 



We apply the induction hypothesis to this sum, writing y m+ i = t, y m +2 = u, and 
then change the order of summation according to 



N 



N 



E E 



E E 



E 



=0 y 1 + -+y m +t+u=N-s 



t=0 J/lH Vy m <N-t s +U = N-t- 
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We consider first the inner sum, collecting all factors involving s and u: 

Il7=r + \ a j Z n+l)s yr ( y . 9(w m+2 q U / 'w 'j^) (w j / a m+n+2 ) y] 

(<l)s UT=l( W j Z n+l)s n"=l(^n+l/%) S fJl V 9(w m+2 / Wj ) (qW j /w m+2 )y J 

^ t 9(w m+2 q u /'w m+ iq t ) (w m+1 /a n+m+2 )t \u! m+2 /aj) u 

e(w m+2 /w m+1 ) (qw m+1 /w m+2 ) t nLi(*m+2^)«nr= + i 2 (^m+2M-)« 



- s - t - 1 ) {q s )M' l )u UT=i n+ \ a J z n + i)s(q- s /z n+1 a 3 ) u 



5_1 ) (q)s(q s+2 )t(q~ s )u(q)u Y[ j=l {.z n+1 / z^s^Zj/ z n+l ) u 

TT / y i 0{<l u ~ 8 ~ yi lzn+iw j ) (q s - 1 w j z n+1 ) yj 

0(q~ s /z n+ xWj) {w j z n+1 ) s (q 1+s w j z n+l ) yj {q 1 - s /z n+1 w j ) u ) ' 



Note that, because of the factor (JHJ) vanishes unless u G {0, 1}. (If s = 

and u = 1, the factor l/(q~ s ) u gives an apparent singularity, but this is removed by 
(q s )t if t > and by 9(q u ~ s ~ t ~ 1 ) if i = 0.) This leads to considerable simplification. 
For instance, 

(ajZ n+1 ) s (q~ s /z n+1 aj) u = (~l) u q( 2 \q~ s / 'z n+ xa j ) u (a j z n+1 ) s (q 1 ' u+s a j z n+1 ) u 

= (-l) U (q~ S I 'z n+1 a j ) U {a j Z n+l ) s+u 

if u G {0, 1}. Similar computations, eventually using (J3J), reveal that © equals 
(10) 



z n+l/Zj)s+u . 1 



if u G {0, 1}. Thus, the inner sum in (JHJ) is proportional to 

min(l,iV— t— 

^2 = ti*r-t-\y\,o, 

so we may assume t + ||/| = N, s = u = 0. But then the factor (q s+u )t in (fTUj) equals 
zero unless t = 0, so (EI) is reduced to the sum 



A («) g (y.°.°>) - nr=r +2 K/ 

A/.r,^ 11 



a j)yk 



yi+ -+y m =N A (*) ifi nj=iK^)j/ fe nr= + i 2 (^M) yfc 

where s = in 0. It is easily verified that this simplifies to 



11 



This completes the proof. □ 
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4. Further multiple Bailey transformations 

When m = 2, the right-hand side of (JHJ) has some additional symmetry which allows 
us to obtain further transformations by iterating Theorem 13.11 This was observed in 
Klj, although the idea was not fully exploited there. 

We first rewrite the case m = 2 of (0) with k — y\ — N — y 2 as summation index 
on the right-hand side, giving 



V Ajzqv) A I^S(ajZ k ) Vk 
A(?\ 11 



yi+ ...+y n =N A w iir[i=iK z *kn?=i(?w%k 



(w 2 /w 1 ) N (q) N Yl^ =1 (w2Z j ) N ^ \ 9{q- N w 1 /w 2 



X 



(g N wi/w 2 )k(q Af )fcn?=i( w i/ a i)fcll?=i(9 1 N /w 2 Zj)k 
{q)k{qwi/w 2 ) k n"=i 2 (? 1_Ar ajM)fc n"=i( w i^)fe 



1: 



where 

(12) u>iU! 2 = ^i • ■ • • • • a n+2 - 

Now let m G {0, 1, . . . , n}, and write 

x = (q 1 ~ N ai/witu 2 , q 1 ~ N a n _ m /w 1 w 2 , z n _ m+1 , z n ), 
b = (q N - 1 w l w 2 z ll q N ~ 1 w 1 w 2 z n _ m , a n _ m+1 , . . . , a n+2 ). 

If we apply (JTTJ) to the sum 

V Ajxqy) A riii 2 (^^)y, 

Z_> AfV, 11 



!/l+-+J/n=iV 



which is consistent with condition p2jl . we obtain the same right-hand side up to the 
multiplier 

jiff (w 2 /aj) N U%i(w2Xj) N _ n yr {w 2 /a j )N{q 1 ~ N aj/w 1 ) N 
UU( w ^H]=i( w ^)n ~ fi {w 2 z 3 ) N {q^ N /w lZj ) N 



a j Zj) N (w 1 /a j ) N (w 2 /a j ) N 



n—m 

]3 {WlZj)N(w2Zj) N 



This proves the following result. 
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Corollary 4.1. Assuming W1W2 = Z\ ■ ■ ■ z n a\ ■ ■ ■ a n+ 2 and < m < n, we have 



2.^ A(?\ 11 



Yl]li( a 3 z k)y k 



m>—,Vn>o 
yi+--+y n =N 



■J JVk 



n 

3=1 



(oj Zj ) N (wi /aj ) jy (w 2 /Qj ) n 
{wiz j ) N (w 2 z j ) N 



E 



A(:rg 



n 



?/: ^ .„ A ( x ) Li n J= iK^fc)j/ fc nj=i(^fc/^)^ 



where x and b are given by fT3|) . 

In the one- variable case, n = 2, there are three choices of m: m = 2, which is 
trivial, m = 1, which gives (J2J) and m = 0, which gives 0- For general n we have 
a sequence of non-trivial identities: m = 0, 1, . . .n — 1. The case m = n — 1 is 
equivalent to |R4[ Corollorary 8.2], which is an elliptic analogue of a multiple Bailey 
transformation of Milne and Newcomb |MN| (a closely related identity was obtained 
in |DGp . The remaining identities, with m < n — 2, appear to be new also in the 
non-elliptic case. The extreme case m = is particularly elegant, so we write it 
out explicitly. It gives a multivariable generalization of ((3)) that is different from 
Theorem 13.11 We have made the replacements a n+ i = b, a n+ 2 — c, W\ — d, w 2 = e. 

Corollary 4.2. Assuming de = a± ■ ■ ■ a n bcz± ■ ■ ■ z n , we have 



E 



A(zq y ) yj (ajZ k ) yk 



yi,—,Un>o 
Vi+~+y n =N 



A 



n 



n 



(bZ k )y k {CZ k )y k 



( z ) ^ fak/z^n I* (dz k )y k (ez k ) yk 



jj {a j z j ) N {d/a j ) N (e/a j ) N 



3=1 
X 



E 



(dzj) N (eZj) N 
A(aq y 



K Zja ki 



yi,—,y n >o 
yi+-+y n =N 



A 



(g 1 N a k b/de) yk (q 1 N a k c/de) yk 
( a ) hi x (Q a k/aj)y k ^ (Q 1 ~ N ak/d)y k {q 1 - N a k /e) yk 



n 



n 



Finally, we give a companion identity to Corollary 14.21 with the sum supported on 
a hyper-rectangle rather than a simplex. There are similar companions to the other 
cases of Corollary 14.11 but these are more complicated to write down. 

We first replace n by n + 1 in Corollary 14.21 and assume that a,j = q~ mj /zj, 
1 < J ' < n, where m,- are non-negative integers such that \m\ < N. Then all terms 



8 HJALMAR ROSENGREN 

with y k > m k for some k vanish. Eliminating y n +\ from both summations we obtain 



mi ^T" A(zqy) A q N -\y\Q(z k qy*/z n+1 q N -\y\) A (q-^z k / Zj ) yk 
AiM 11 My, I? .A 11 

yi,...,y n =0 



A(z) 11 0(z fc /z n+1 ) ^ (qz k /z j ) yk 



1 r (Qn+i^fc, fefc, c^fc)y fc 1 r (g m3 z n+ \/ Zj) N -\ y \ (a n+ iz n+1 , bz n+1 , cz n+1 ) N . 
£" = i (Q z k/ z n+i, dz k , ez k )y k -j-jL (qz n+1 / Zj) N _\ y \ (q, dz n+ i, ez n+1 ) N _\ y \ 



r- 

(dz k q mk ,ez k q mk ) N (d/a n+1 ,e/a n+1 ) N 



nyaz k q ~,a k q ~)N V"/ u n+l, v "n+1 JiV / -ImKJV 
k=i (dz k ,ez k ) N (dz n+1 ,ez n+1 ) N 

x mi yT" A(^-^^q N -\y\0(qy^/ Zk a n+1 q N -\y\) 



n A{q- m /z) J-l %-™*/<^an+i) 

yi,...,y n =0 x ' ' k=l w ^ ' 

x A (T^/^k A (q- mk z n+1 /z k , q^'^b/dezk, q l ~ N ~ mk c/dez k ) yk 

„1-.V„ /,/,/. „L-.\ 

X 



11^ (gi-^+^^y^)^ 11 ( ? i-^/^a„+i, q l - N - m */dz k , q l - N - mk /ez k ) yk 
a n +iZj) N -\ y \ (a n+1 z n+1 , q l ~ N a n+1 b/ de, q 1 ' N a n+1 c/ de) N _\ y \ 



n 



.7 = 



L (g^iOn+i^Oiv-lyl {^Q 1 N a n+l /d,q l N a n+l / e) N _\ y \ 



where deq^ = a n+ ibcz n+1 . 

We observe that the right-hand side will look nicer after the change of variables 
m k l— ¥ Uk — m k- We do that and also manipulate the Pochhammer symbols so that 
N never appears as a subscript. After a tedious but straight-forward computation 
we arrive at 

mi y; mn A(zq y ) 0(z k q Vk+M - N / z n+1 ) -A- {q~ mi z k / Zj) yk yr (a n +iz k ,bz k ,cz k ) yk 
2/i,.t^=o A ^ l=i 8( z kq- N /zn+i) i.q z k/z j ) Vk \^ x {qz k lz n ^dz k ,ez k ) yk 



X 



A (q Nz i/ z n+i)\ y \ (q N ,q 1 N /dz n+1 ,q 1 N /ez n+1 )\ y \ 

11 ( q i-N+m jZj/Zn+i)lyl (qi-N/ an+lZn+1:q i-N /bZn+uq i-N /cZn+i){yl 1 



=n 



(q l ~ N z k / z n+1 , q N dez k /b, q N dez k / c) 



{dz k ,ez k ,q N ^ +1 a n+1 z k ) mk 

{d/a n+l ,e/a n+ i,q- N )\ m \ f q 2N de^ 



x 



mi,...,m. 

X 



(q N -\ m \a n+1 z n+1 ,q N -\ m \bz n+1 ,q N -\ m \cz n+1 )\ m \ \ be 

v Ajzgy) A 6(z k a n+1 g N -\ m \ + \y\ + y k ) 

v A (*T mj W%k A {a n+1 z k ,q N dz k ,q N ez k ) yk 

x 11 r^./r.^ 11 



(qz k / Zj ) yk £± i (qz k /z n+u q N dez k /b,q N dez k /c) yk 

n (q N -\ m \z j a n+1 )\y\ (q N -\ m \g n+l z n+l ,q/cz n+l ,q/bz n+1 )\ y \ ^ 
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In this computation the following identity, which is equivalent to |R4[ Equation (3.8)], 
is useful: 

A (V*) TT (<l~ mk Zj/ z k) mk = ( _ 1)lm \ -H-(l-l) 

To make the connection with © transparent we make the change of parameters 

(q' N ,a n+ i,b, c,d,e,z n+1 ) i-> (b,g,e, f,aq/c,aq/d,b/a). 

We then obtain the following transformation, in the special case when b = q~ N with 
N > \m\ a non- negative integer. 

Corollary 4.3. Assuming a 3 g' m ' +2 = bcdefg, the following identity holds: 

m yT" A(zq y ) -A- 9{az k q yk+ \ y \) yr (azj)\ y \ (6, c, d)\ y \ ^ 

^ A(z) M 9(az k ) ^} l {q 1+m iazj)\ y \{aq/e,aq/ f,aq/g)\ y \ 



y 1 ,...,y n =0 y ' k=l 

n (g~ mj z k /zj) Vk T-r (ez k , fz k , gz k 



(l z k/Zj)y k f^ 1 (aqz k /b,aqz k /c,aqz k /d) yk 



g \m\ q - E,<* ( 6 > aq/cg,aq/dg) lm 
(aq/e,aq/f, aq/g) 



ml 



z™ k {aqz k , q 1+ \ m \- mk a/z k eg, q 1+ ^- m *a/z k fg) 



x TT 

1 1 {aqz k /c, aqz k /d, q^~ mk b/ gz k ) mk 



X 



X 



fe=l 



n (^j<r H /%| (q~ lml g/a, aq/be, aq/bf)\y\ {y] 

i (g Zj q m i +1 -\ m \ /b)\ y \ (g-IH c ^/ a ,g-IH^/a,gi-H/6) M q 



" (g m Jz k /zj) yk (aqz k /bc,aqz k /bd,gz k ) yk 

X 



iw, /*,Y 11 



(q z k/Zj) yh ^{aqz k /b,q \ m \egz k /a,q \ m \fgz k /a) yk ' 

To complete the proof we must extend the result from the case b = q~ N to generic 
b. This may be done exactly as in the proof of Corollary 5.3 of |R4j . That is, one 
considers the function f(b) = L — R, where L and R are the left- and right-hand 
side of the identity we want to prove, and where c = a 3 g' m ' +2 /bdefg is viewed as 
depending on b while the other parameters are fixed. It is then straight-forward to 
check that f(pb) = f(b), where p is the elliptic nome as in (JTJ. Thus, f{p k q~ N ) = 
for k G Z and iV e Z>| m |. This is enough to conclude, by analytic continuation, that 
/ is identically zero. 
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